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For a very ample line bundle L on a projective scheme X , let
ϕL : X ↪→ PH0(X, L),   1, be the embedding deﬁned by the
complete linear series |L|. In this paper we study the problem
how the Castelnuovo–Mumford regularity of ϕL(X) effects on the
deﬁning equations of ϕL (X) and the syzygies among them. We
show that if ϕL(X) ⊂ PH0(X, L) is m-regular, then (X, L) satisﬁes
property N2−m+1 for m2  m−2, and (X, L) satisﬁes property
N for all m − 1.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, we work over an algebraically closed ﬁeld K of characteristic zero. We
denote by X a projective scheme, and by L a very ample line bundle on X . Also for each  1, let L
be the th power of L and let
ϕL : X ↪→ PH0
(
X, L
)
be the embedding deﬁned by the complete linear series |L|. We are interested in how the
Castelnuovo–Mumford regularity of ϕL(X) effects on the deﬁning equations of ϕL (X) and the syzy-
gies among them.
To give precise statements, we begin with recalling the deﬁnition of Green–Lazarsfeld’s prop-
erty Np .
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E. Park / Journal of Algebra 322 (2009) 108–121 109Deﬁnition 1.1. Let L be a very ample line bundle on a projective scheme Y , deﬁning an embedding
ϕL(Y ) ⊂ PH0(Y ,L). Denote by S the homogeneous coordinate ring of the projective space PH0(Y ,L),
and consider a minimal free resolution E• of the graded S-module G(L) =⊕ j∈Z H0(Y ,L j):
E• : · · · E2 E1 E0 G(L) 0
⊕
j S
β2, j (−2− j) ⊕ j Sβ1, j (−1− j) ⊕ j Sβ0, j (− j)
where Sβi, j (−i − j) denotes βi, j copies of S(−i − j). That is, the free S-module Ei requires βi, j mini-
mal generators of degree i + j. Then
(1) (Y ,L) is said to satisfy property N0 if E0 = S .
(2) For p  1, (Y ,L) is said to satisfy property Np if property N0 holds for (Y ,L) and βi, j = 0 for
1 i  p and all j  2.
Thus property N0 holds if and only if the maps Sym j H0(Y ,L) → H0(Y ,L j) are surjective for
all j  1, property N1 holds if and only if property N0 is satisﬁed and the homogeneous ideal is
generated by quadrics, and property Np holds for p  2 if and only if it has property N1 and the kth
syzygies among the quadrics are generated by linear syzygies for all 1 k p − 1.
For the last few decades, the problem of ﬁnding conditions to guarantee that a very ample line
bundle satisﬁes Green–Lazarsfeld’s property Np has attracted considerable attention by several alge-
braic geometers. A guiding principle concerning this problem is that if L is more and more “positive”,
then (Y ,L) satisﬁes property Np for more and more large p. We refer the reader to [L] for a kind
survey of some of many results in this ﬁeld.
Consider the above problem when L is a power of an ample line bundle L on X , that is L= L for
some   1. Related to the guiding principle mentioned in the previous paragraph, it was shown in
[G2] and [I] that any suﬃciently large power of L satisﬁes property Np . But it is normally diﬃcult to
ﬁnd an effective bound of  where (X, L) satisﬁes property Np . In this direction, D. Mumford was the
ﬁrst who obtained a general result. In [M] he proved that if L is a base point free line bundle satisfying
Hi(X, L j) = 0 for all i, j  1, then (X, L) satisﬁes property N0 for all  n+1, and property N1 for all
 n+2 where n denotes the dimension of X . Note that the cohomological assumption in Mumford’s
result implies that OX is (n + 1)-regular with respect to L. Later F.J. Gallego and B.P. Purnaprajna
generalized Mumford’s result. In [G-P1], it was shown that if L is base point free and OX is s-regular
with respect to L, then (X, L) satisﬁes property Np for all   max(s + p − 1, s + 1, p + 1). Thus
for s = 0 and 1, (X, L) satisﬁes property N−1 for all  2, and for s  2, (X, L) satisﬁes property
N−s+1 for all  s + 1.
Now assume that L is a very ample line bundle. Obviously Gallego–Purnaprajna’s result already
gives an effective bound of  for which (X, L) satisﬁes property Np . For example, if X is a smooth
complex projective variety and L is a very ample line bundle of degree d on X , then OX is d-regular
with respect to L and so (X, L) satisﬁes property N−d+1 for all   d − 1, which was ﬁrst proved
by L. Ein and R. Lazarsfeld in [E-L]. Another result in this direction is obtained by E. Rubei [R1] who
proves that if X is a complex smooth projective variety and (X, L) satisﬁes property Np for some
p  1, then (X, L) satisﬁes property Np for all  p.
In this paper we will be concerned with the above problem when X is a projective scheme and L
is a very ample line bundle on X . Our primary goal is to investigate how the Castelnuovo–Mumford
regularity of ϕL(X) effects on the minimal free resolution of ϕL (X).
Our main result is the following
Theorem 1.2. Let L be a very ample line bundle on a projective scheme X such that ϕL(X) ⊂ PH0(X, L) is
m-regular in the sense of Castelnuovo–Mumford. Then
a. For m2  m − 2, (X, L) satisﬁes property N2−m+1 .
b. For any m − 1, (X, L) satisﬁes property N .
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property N for all  2. Also this improves Proposition 3.3 in [E-L] and Theorem 1.3 in [G-P1].
In Section 2, we review some elementary facts about the Castelnuovo–Mumford regularity of co-
herent sheaves on a projective space and the minimal free resolution of a closed subscheme of a
projective space.
In Section 3, we prove Theorem 1.2. Let IX be the sheaf of ideals of X ⊂ Pr and let M be the
kernel of the evaluation map
H0
(
P
r,OPr ()
)⊗OPr → OPr ().
The proof is, brieﬂy speaking, based on the elementary fact that M and
∧i M ⊗ IX are respec-
tively 1-regular and (m+ i)-regular as coherent sheaves on Pr . This enables us to show the necessary
cohomology vanishing to describe the minimal free resolution of the th Veronese variety of X .
In Section 4, we aim to strengthening Theorem 1.2 slightly. Let L be a very ample line bundle
on a projective scheme X deﬁning an m-regular linearly normal variety X ⊂ PH0(X, L) = Pr . For any
  m, we prove that if (Pr,OPr ()) satisﬁes property Np then (X, L) also satisﬁes property Np .
Then we provide a couple of applications, which illustrates how our results can be applied to some
speciﬁc varieties. For example, it is shown that if the polarized variety (X, L) has delta genus zero,
or equivalently X ⊂ PH0(X, L) is a variety of minimal degree, then (X, L2) satisﬁes property N5. This
result is sharp in the sense that (X, L2) fails to satisfy property N6 when X is a rational normal scroll
of dimension  4.
2. Preliminaries
This section is devoted to review some elementary facts related to our study in the present paper.
Let PN be the N-dimensional projective space over K and let S be the homogeneous coordinate ring
of PN .
2.1. Castelnuovo–Mumford regularity
Let F be a coherent sheaf on PN . Then F is said to be k-regular if
Hi
(
P
N ,F(m − i))= 0 for all i  1.
Here we recall a basic property of regularity which will play a crucial roll to prove our main result in
this paper.
Lemma 2.1. (See [L, Proposition 1.8.9 and Corollary 1.8.10].) Let F be a coherent sheaf on PN , and let E be a
locally free sheaf on PN .
(1) If F is s-regular and E is t-regular, then F ⊗ E is (s + t)-regular.
(2) If E is t-regular, then the p-fold tensor power T pE is pt-regular. In particular, ∧p E and SympE are
likewise pt-regular.
For more on the notion of regularity, we refer the reader to [L, Section 1.8].
Remark 2.2. Note that Lemma 2.1(2) may not hold in positive characteristic. The reason why
we assume that char K = 0 throughout this paper is because some arguments depend heavily on
Lemma 2.1(2) (e.g. Remark 3.2, proofs of Theorem 3.1 and Proposition 4.1, etc.).
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For a ﬁnitely generated graded S-module F =⊕0 F , consider a minimal free resolution
· · · →
⊕
j
S(−i − j)βi, j → ·· · →
⊕
j
S(− j)β0, j → F → 0
of F as a graded R-module. Thus βi, j = dimK TorSi (F , K )i+ j . A nice way to present the graded Betti
numbers βi, j is the so-called Betti diagram of F which has the following form:
Table 1
Betti diagram of Y ⊂ PN .
0 1 2 3 · · · i · · ·
0 β0,0 β1,0 β2,0 β3,0 · · · βi,0 · · ·
1 β0,1 β1,1 β2,1 β3,1 · · · βi,1 · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·
j β0, j β1, j β2, j β3, j · · · βi, j · · ·
· · · · · · · · · · · · · · · · · · · · · · · ·
Deﬁnition 2.3. Let Y ⊂ PN be a non-degenerate closed subscheme, deﬁned by the sheaf of ideals
IY ⊂OPN . Let S be the homogeneous coordinate ring of PN . Thus
IY =
⊕
j∈Z
H0
(
P
N ,IY ( j)
)⊂ S
is the homogeneous ideal of Y . Let SY = S/IY be the homogeneous coordinate ring of Y . Consider a
minimal graded free resolution of SY :
· · · →
⊕
j
Sβi, j (−i − j) → ·· · →
⊕
j
Sβ1, j (−1− j) → S → SY → 0,
(1) Y is said to be k-normal if H1(PN ,IY (k)) = 0, or equivalently, the homomorphism H0(PN ,
OPN (k)) → H0(Y ,OY (k)) is surjective.
(2) Y is said to be m-regular if one of the following equivalent conditions holds:
(R1) For all i  1 and j  m, βi, j = 0. That is, the ith syzygy module of SY is generated by
elements of degree m + i − 1 for all i  1.
(R2) For every i  1, Hi(PN ,IY (m − i)) = 0 .
(3) Y is said to satisfy property Nd,p , for some d 2, if βi, j = 0 for 1 i  p and all j  d.
For the equivalence of (R1) and (R2), we refer the reader to [E-G]. The Castelnuovo–Mumford
regularity of Y is deﬁned by
reg(Y ) = min{m | Y ism-regular}.
From (R1), one can see that if Y is m-regular, then it is also (m + 1)-regular. So (R1) and (R2) say
that if Y is m-regular, then Y is k-normal for all k m − 1, and IY is generated by homogeneous
polynomials of degree m.
The Castelnuovo–Mumford regularity of Y measures the number of nonzero rows of the Betti
diagram of Y . But in many cases, the ﬁrst few steps of the minimal free resolution is much simpler
than one can expect from reg(Y ). And property Nd,p expresses how simple the ﬁrst few syzygies of
Y are.
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numbers can be read off from cohomology long exact sequences. More precisely, let MPN = ΩPN (1).
Then
βi, j = dimK Ker(ϕi, j)
for all i, j  1 where ϕi, j is deﬁned by the long exact sequence
0 → Ker(ϕi, j) → H1
(
P
N ,
i∧
MPN ⊗ IY ( j)
)
ϕi, j→
i∧
V ⊗ H1(PN ,IY ( j))→ ·· · .
For the proof, we refer the reader to Theorem (1.b.4) in [G1] or Theorem 5.8 in [E].
Remark 2.4. (1) The above long exact sequence gives a useful cohomological criterion for prop-
erty Nd,p :
(∗) If H1(PN ,∧i MPN ⊗ IY ( j)) = 0 for 1 i  p and all j  d, then Y ⊂ Pr satisﬁes property Nd,p . If
in addition Y is j-normal for all j  d, then the above is a necessary and suﬃcient condition for
Y to satisfy property Nd,p .
(2) If Y ⊂ Pr satisﬁes property N0, then SY =⊕ j0 H0(Y ,OY ( j)) and hence the Koszul cohomo-
logical method says that
βi, j = dimK Ker(ψi, j)
for all i, j  1 where ψi, j is deﬁned by the long exact sequence
0 → Ker(ψi, j) → H1
(
P
N ,
i+1∧
MPN ⊗OY ( j − 1)
)
ψi, j→
i∧
V ⊗ H1(PN ,OY ( j − 1))→ ·· · .
In particular, if H1(PN ,OY ( j)) = 0 for all j  0 then
βi, j = h1
(
P
N ,
i+1∧
MPN ⊗OY ( j − 1)
)
for all i, j  1. This fact will be used in the proof of Theorem 3.1 and Proposition 4.1.
3. Proof of the main theorem
Theorem 1.2 is a consequence of a general result on syzygies of the higher order Veronese embed-
ding of an arbitrary (not necessarily linearly normal) non-degenerate closed subscheme X ⊂ Pr . For
each  2, let
X := ν(X) ⊂ PN()
where
ν : Pr → PN(), N() =
(
r + 

)
− 1,
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non-degenerate closed subscheme in PN() . More precisely, let V denote the image of the natural
restriction map
H0
(
P
r,OPr ()
)→ H0(X,OX ())
and let dimK V = r() + 1. Then X spans the subspace P(V) ∼= Pr() of PN() . The non-degenerate
closed subscheme
X ⊂ Pr()
will be called the th Veronese variety of X ⊂ Pr .
Our ﬁrst purpose in this section is to prove the following
Theorem 3.1. Let X ⊂ Pr be a non-degenerate closed subscheme such that the ideal sheaf IX is m-regular in
the sense of Castelnuovo–Mumford.
(1) When m − 1, write m as m = u − v where u = m

	 and hence 0 v   − 1.
(i) For 0 v   − 2, X is k-normal for all k u and satisﬁes property Nu,v+1 .
(ii) For v =  − 1, X is k-normal for all k u − 1 and satisﬁes property Nu, .
(2) If m − 1, then V = H0(X,OX ()) and X ⊂ Pr() satisﬁes property N .
To give a proof of this result, we begin with introducing to the following notation:
– Z = ν(Pr) ⊂ PN(): the th Veronese embedding of Pr .
– IZ : sheaf of ideals of Z ⊂ PN() .
– IX , IX , JX : sheaves of ideals of X ⊂ Pr , X ⊂ Pr() , X ⊂ PN() .
– M= Ω
PN() (1) where ΩPN() is the cotangent sheaf on P
N() .
– M: the kernel of the evaluation homomorphism
H0
(
P
r,OPr ()
)⊗OPr → OPr ().
– S: the homogeneous coordinate ring of Pr() .
– I X : the homogeneous ideal of X in S .
Remark 3.2. From the short exact sequence
0 → M → H0
(
P
r,OPr ()
)⊗OPr → OPr () → 0,
one can see that M is 1-regular. When IX is m-regular, Lemma 2.1 implies that
∧i M is i-regular
and
∧i M ⊗ IX is (m + i)-regular for every i  1.
Remark 3.3. Since
∧i M is i-regular as mentioned in Remark 3.2, we have
H1
(
P
r,
i∧
M ⊗OPr ( j)
)
= 0 for all 1 i   + 1 and j  1.
Thus a well-known criterion for property Np (e.g. Lemma 1.6 in [E-L]) shows that (Pr,OPr ()) satisﬁes
property N for every  2.
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0 → IZ → JX → IX → 0, (3.1)
0 → I
Pr()/PN() → JX → IX → 0. (3.2)
We ﬁrst show that X ⊂ Pr() is k-normal for all k m−1 , or equivalently,
H1
(
P
r(),IX (k)
)= 0 for all k m − 1

. (3.3)
Since IX is m-regular, H1(Pr,IX (k)) = 0 if km − 1. Then (3.1) enables us to show that
H1
(
P
N(),JX (k)
)∼= H1(Pr,IX (k))= 0 for all k m − 1

since Z ⊂ PN() satisﬁes property N0. Now the desired vanishing in (3.3) comes from the cohomology
long exact sequence induced by (3.2).
Next we investigate the embedding X ⊂ PN() . We claim that
H1
(
P
N(),
i∧
M⊗JX ( j)
)
= 0 if i min{, j −m + 1}. (3.4)
Since M is the restriction of M to Z , the sequence (3.1) gives us the following cohomology long
exact sequence:
H1
(
P
N(),
i∧
M⊗ IZ ( j)
)
→ H1
(
P
N(),
i∧
M⊗JX ( j)
)
→ H1
(
P
r,
i∧
M ⊗ IX ( j)
)
. (3.5)
Note that h1(PN(),
∧i M⊗ IZ ( j)) is equal to the (i, j)th graded Betti number of Z ⊂ PN() for every
j  1. Since (Pr,OPr ()) satisﬁes property N by Remark 3.3,
H1
(
P
N(),
i∧
M⊗ IZ ( j)
)
= 0 for 1 i   and all j  2 (3.6)
(cf. Remark 2.4). Also
∧i M ⊗ IX on Pr is (m + i)-regular by Remark 3.2, and so we have
H1
(
P
r,
i∧
M ⊗ IX ( j)
)
= 0 if jm + i − 1. (3.7)
In conclusion, the ﬁrst and the third term of (3.5) vanish simultaneously if i  min{, j − m + 1},
which completes the proof of (3.4).
Now consider the minimal free resolution of I X as a graded S-module:
· · · → Fi → ·· · → F1 → I X → 0
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βi, j = 0 when i min{, j −m + 1}. (3.8)
Let M
Pr() = ΩPr() (1). Then our claim (3.8) is proved if the following holds (cf. Remark 2.4):
H1
(
P
r(),
i∧
M
Pr() ⊗ IX ( j)
)
= 0 when i min{, j −m + 1}. (3.9)
To show (3.9), ﬁrst let us recall that M⊗O
Pr() =MPr() ⊕ON()−r()Pr() . Thus the sequence (3.2) induces
the following cohomology long exact sequence:
H1
(
P
N(),
i∧
M⊗JX ( j)
)
→ H1
(
P
r(),
i∧{M
Pr() ⊕ON()−r()Pr()
}⊗ IX ( j)
)
→ H2
(
P
N(),
i∧
M⊗ I
Pr()/PN() ( j)
)
.
The vanishing of the third term for i, j  1 can be shown by using the exact sequence 0 →
I
Pr()/PN() → OPN() → OPr() → 0 and the above expression of M ⊗ OPr() . Also the second term
is a direct sum of copies of cohomology groups of the form
H1
(
P
r(),
k∧
M
Pr() ⊗ IX ( j)
)
with k i.
Thus the desired vanishing in (3.8) and (3.9) comes immediately from (3.4).
The statements (1) and (2) in our theorem are proved by (3.3) and (3.8):
(1) Let m = u − v for 0 v   − 1. Then (3.3) implies that X ⊂ Pr() is k-normal for all k  m−1 .
Therefore X is k-normal
{
for all k u if 0 v   − 2, and
for all k u − 1 if v =  − 1.
Also (3.8) says that βi, j = 0 if
i min
{
, ( j − u) + v + 1}= ( j − u) + v + 1.
In particular, βi, j = 0 if j  u and 1 i  v + 1. This completes the proof that X ⊂ Pr() satisﬁes
property Nu,v+1.
(2) By (3.3), X ⊂ Pr() is k-normal for all k  1. Also (3.8) implies that βi, j = 0 for 1  i   and
all j  2 since min{, j − m + 1} =  holds for   m − 1. In conclusion, X ⊂ Pr() satisﬁes
property N . 
Now we turn to the proof of Theorem 1.2. Let h0(X, L) = r + 1 and consider X = ϕL(X) ⊂ Pr . We
keep the notations previously introduced at the beginning of this section. Then Theorem 3.1 says that
a. for m2  m − 2, since u = 2 and v = 2 −m, X ⊂ Pr() is k-normal for all k  2 and satisﬁes
property N2,2−m+1, and
b. for m − 1, (X, L) satisﬁes property N .
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is necessary to show that property N2,2−m+1 of X ⊂ Pr() can be lifted to ϕL (X) ⊂ PH0(X, L). To
this aim, we investigate how the properties of X proved in Theorem 3.1 effect on the vanishing of
Koszul cohomology groups of ϕL (X).
Deﬁnition 3.4. (See [K-P,C-K-P].) Let Y ⊂ PN be a non-degenerate closed subscheme and let S be the
homogeneous coordinate ring S of PN . For some p  0, we say that Y ⊂ PN satisﬁes property NSp if
the ﬁnitely generated graded S-module
E :=
⊕
j∈Z
H0
(
Y ,OY ( j)
)
of twisted global sections of OY (1) has a minimal free resolution of the form
· · · Ep · · · E1 E0 E 0
S(−p − 1)⊕kp,1 S(−2)⊕k1,1 S ⊕ S(−1)t
where t = h0(Y ,OY (1)) − N − 1.
In other words, property NSp means that the ﬁrst (p + 1)th modules of syzygies of E are as simple
as possible. Clearly if Y ⊂ PN is linearly normal, then property NSp is equal to property Np .
Lemma 3.5. Let Y ⊂ PN be a non-degenerate closed subscheme and let
V ⊂ H0(Y ,OY (1))
be the restriction of H0(PN ,OPN (1)) to Y . If Y ⊂ PN satisﬁes property NSp for some p  0, then for any
(N + 2)-dimensional subspace W of H0(Y ,OY (1)) containing V , the closed subscheme Y ⊂ P(W ) = PN+1
satisﬁes property NSp .
Proof. Let MV and MW denote respectively the kernels of the natural evaluation maps V ⊗OY →
OY (1) and W ⊗OY →OY (1). Then we have the following commutative diagram:
0 0 0
0
∧i+1MV ∧i+1MW ∧i MV 0
0
∧i+1 V ⊗OY ∧i+1 W ⊗OY ∧i V ⊗OY 0
0
∧i MV ⊗OY (1) ∧i MW ⊗OY (1) ∧i−1MV ⊗OY (1) 0
0 0 0
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and C j = H1(Y ,OY ( j − 1)). Then the above diagram gives the following commutative diagram of
cohomology groups:
Ai, j
f i, j
Bi, j
gi, j
Ai−1, j
f i−1, j
∧i+1 V ⊗ C j ∧i+1 W ⊗ C j ∧i V ⊗ C j
Let S(V ) and S(W ) be the homogeneous coordinate rings of PN and PN+1, respectively. Since the
graded ring E =⊕ j∈Z H0(Y ,OY ( j)) is saturated,
{
dimK Ker( f i, j) = (i, j)th Betti number of E as an S(V )-module, and
dimK Ker(gi, j) = (i, j)th Betti number of E as an S(W )-module.
Now property NSp of Y ⊂ PN implies that f i, j is injective for 0  i  p and all j  2. Therefore gi, j
is also injective for 0 i  p and all j  1, which completes the proof that Y ⊂ PN+1 satisﬁes prop-
erty NSp . 
Lemma 3.6. Let Y ⊂ PN be a non-degenerate closed subscheme which satisﬁes the k-normality for all k  2
and property N2,p . Then Y ⊂ PN satisﬁes property NSp .
Proof. Since Y ⊂ PN is k-normal for all k 2, we have the short exact sequence
0 → S/IY → E → H1
(
P
N ,IY (1)
)→ 0 (3.10)
where IY and IY are respectively the homogeneous ideal and the sheaf of ideals of Y . Recall that the
(i, j)th graded Betti number of E is equal to dimK TorSi (E, K )i+ j . Thus the desired vanishing of the
graded Betti numbers of E can be obtained by using the long exact sequence
TorSi (S/IY , K )i+ j → TorSi (E, K )i+ j → TorSi
(
H1
(
P
N ,IY (1)
)
, K
)
i+ j
induced from (3.10) since Y ⊂ PN satisﬁes property N2,p and H1(PN ,IY (1)) is a graded S-module
concentrated on degree 1 piece. 
Proof of Theorem 1.2. By Theorem 3.1,
a. for m2  m − 2, X ⊂ Pr() is k-normal for all k 2 and satisﬁes property N2,2−m+1, and
b. for m − 1, (X, L) satisﬁes property N .
Thus it remains to show that for m2    m − 2, ϕL (X) ⊂ PH0(X, L) satisﬁes property N2−m+1.
Lemma 3.6 guarantees that X ⊂ Pr() satisﬁes property NS2−m+1. Let t = h0(X,OX ())− r()− 1 and
ﬁx a ﬁltration
V = V t ⊂ V t−1 ⊂ · · · ⊂ V 0 = H0
(
X,OX ()
)
by subspaces each having codimension one in the next. Now applying Lemma 3.5 repeatedly, we
can conclude that the linearly normal variety ϕL (X) satisﬁes property N
S
2−m+1 and hence property
N2−m+1, which completes the proof of Theorem 1.2. 
118 E. Park / Journal of Algebra 322 (2009) 108–1214. Variants and applications
In this section we begin with strengthening Theorem 1.2 slightly.
Proposition 4.1. Let X be a projective scheme and let L be a very ample line bundle on X which deﬁnes the
closed subscheme X ⊂ PH0(X, L) = Pr . Suppose that X ⊂ Pr is m-regular and let   m. If (Pr,OPr ())
satisﬁes property Np, then (X, L) satisﬁes property Np.
Proof. Keeping the notation as in Section 3, we know that (X, L) satisﬁes property N0. Also since
we assume that (Pr,OPr ()) satisﬁes property Np , we have the following vanishing by Remark 2.4:
H1
(
P
N(),
i∧
M⊗ IZ ( j)
)
= 0 for 1 i  p and all j  2. (4.1)
Thus if
H1
(
P
r,
i∧
M ⊗ IX ( j)
)
= 0 for 1 i  p and all j  2, (4.2)
then the exact sequence (3.5) enables us to conclude that
H1
(
P
N(),
i∧
M⊗JX ( j)
)
= 0 for 1 i  p and all j  2. (4.3)
Now by the same method as in the proof of Theorem 3.1, we can verify the desired vanishing of the
graded Betti numbers of X ⊂ PH0(X, L) and so property Np of L . Thus it remains to check (4.2).
Note that this holds if
∧i M is ( + 1)-regular with respect to OPr (1) for every 1 i  p, i.e.,
Hk
(
P
r,
i∧
M ⊗OPr ( + 1− k)
)
= 0 for 1 i  p and all k 1. (4.4)
Consider the short exact sequence
0 →
i+1∧
M →
i+1∧
V ⊗OPr →
i∧
M ⊗OPr () → 0. (4.5)
We prove (4.4) in three steps below.
Step 1. Since Hr(Pr,OPr ( j)) = 0 for all j  −r, the cohomology long exact sequence induced from
(4.5) shows that
Hr
(
P
r,
i∧
M ⊗OPr ( j)
)
= 0 for all i  1 and j   − r. (4.6)
Step 2. Since (Pr,OPr ()) satisﬁes property Np , we have
H1
(
P
r,
i∧
M ⊗OPr ()
)
∼= H2
(
P
r,
i+1∧
M
)
= 0 (4.7)
for every 1 i  p + 1 (cf. Remark 2.4). Thus Proposition 1.7 in [O-P] guarantees that
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(
P
r,
i+1∧
M ⊗OPr (t)
)
∼= H1
(
P
r,
i∧
M ⊗OPr ( + t)
)
= 0 (4.8)
for all t  0.
Step 3. Now assume that 1 k r − 1. For i  k, (4.5) gives the isomorphism
Hk
(
P
r,
i∧
M ⊗OPr ( + 1− k)
)
∼= H1
(
P
r,
i−k+1∧
M ⊗OPr
(
 + ( − 1)(k − 1))
)
where the right-hand side vanishes by (4.8). Also for i < k, we have
Hk
(
P
r,
i∧
M ⊗OPr ( + 1− k)
)
∼= Hk−i(Pr,OPr ( + 1− k + i))= 0.
By Steps 1–3,
∧i M is ( + 1)-regular. Thus ∧i M ⊗ IX is (m +  + 1)-regular with respect to
OPr (1) for every 1 i  p + 1, which completes the proof of (4.2). 
Now we provide a couple of applications of Theorem 1.2 and Proposition 4.1, which illustrates how
they can be applied to some speciﬁc varieties.
4.1. M. Green’s Theorem 2.2 in [G2] says that for every  2, the -uple Veronese embedding of Pr
satisﬁes property N . Theorem 1.2 generalizes this result to very ample line bundles on an arbitrary
projective scheme. Now Proposition 4.1 enables us to improve Theorem 1.2 as soon as M. Green’s
result is reﬁned. For r,   3, the authors in [O-P] show that (Pr,OPr ()) fails to satisfy property
N3−2, and conjecture that (Pr,OPr ()) satisﬁes property N3−3. Along this line, we recall that for
r  3
(4.1.a) (see [E-G-H-P,J-P-W]) the 2-uple Veronese embedding of Pr satisﬁes property Np if and only
if p  5, and
(4.1.b) (see [R2]) the 3-uple Veronese embedding of Pr satisﬁes property N4.
By combining Proposition 4.1 and these results, we obtain the following:
Corollary 4.2. Let X ⊂ Pr be a rational normal scroll of dimension  4. Then
(1) The 2-uple embedding X2 ⊂ Pr(2) satisﬁes property Np if and only if p  5.
(2) The 3-uple embedding X3 ⊂ Pr(3) satisﬁes property N4 .
Proof. Recall that a rational normal scroll is 2-regular.
(1) By Proposition 4.1 and (4.1.a), the 2-uple embedding X2 ⊂ Pr(2) satisﬁes property N5. To show
the failure of property N6, we will use Theorem 1.1 in [E-G-H-P] which states that if there is a
p-dimensional linear space L ⊂ Pr(2) such that dim(X2 ∩ L) = 0 and length(X2 ∩ L)  p + 2, then
X2 ⊂ Pr(2) fails to satisfy property N2,p . Let Λ ⊂ X be a ruling of X . Then ν2(Λ) is a linear section
of X2 and there exists a 6-dimensional linear space L ⊂ Pr(2) such that dim(ν2(Λ) ∩ L) = 0 and
length(ν2(Λ) ∩ L) = 8 (cf. Proposition 3.2 in [E-G-H-P]). Thus X2 ⊂ Pr(2) fails to satisfy property N6.
(2) This is immediately obtained by Proposition 4.1 and (4.1.b). 
4.2. Let S be an Enriques surface and let L be a base point free and ample line bundle on S .
Since OS is 2-regular with respect to L, Gallego–Purnaprajna’s Theorem 1.3 in [G-P1] says that (S, L)
satisﬁes property N−1 for all  2.
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well known that g  6. (S, L) is called a Reye polarization if g = 6 and S fails to be 2-normal, or
equivalently it lies on a quadric. In [G-L-M], the authors obtained the following
Theorem 4.3 (L. Giraldo, A.F. Lopez and R. Muñoz). Let S be an Enriques surface and let L be a very ample line
bundle on S. Then
(1) If (S, L) is a Reye polarization, then S ⊂ PH0(S, L) = P5 is j-normal for every j  3, 4-regular, and its
homogeneous ideal is generated by forms of degree 3.
(2) If (S, L) is not a Reye polarization, then S ⊂ PH0(S, L) is 3-regular.
As an application of Theorem 1.2 and Proposition 4.1, we get
Corollary 4.4. Let S be an Enriques surface and let L be a very ample line bundle on S. Then
(1) If (S, L) is a Reye polarization, then (S, L2) satisﬁes property N1 , and (S, L),  3, satisﬁes property N .
(2) If (S, L) is not a Reye polarization, then (S, L),  2, satisﬁes property N . Furthermore, (S, L3) satisﬁes
property N4 .
4.3. Let S be a K3 surface and let L be a base point free and ample line bundle on S . Thus L.L  4.
In [G-P2], the authors prove that for  2,
(i) if L.L = 4 or 6, then (S, L) satisﬁes property N−1, and
(ii) if L.L  8 and the general member of |L| is non-trigonal, then (S, L) satisﬁes property N .
We improve this result as follows:
Corollary 4.5. Let S be a K3 surface and let L ∈ Pic S be a very ample line bundle. Then
(1) For every  3, (S, L) satisﬁes property N .
(2) If L.L = 4, then (S, L2) satisﬁes property Np if and only if p  1.
(3) If L.L = 6, then (S, L2) satisﬁes property N2 .
Proof. (1) Any linearly normal embedding of S is 4-regular. Indeed let C ∈ |L| be a smooth section.
Since H1(S, L j) = 0 for all j  0, S ⊂ PH0(S, L) and C ⊂ PH0(C, L|C ) have the same graded Betti
numbers. Thus Noether’s theorem implies that S ⊂ PH0(S, L) is projectively normal and the homo-
geneous ideal of S is generated by quadratic and cubic equations. On the other hand H2(S,OS ) = 0
while H2(S, L j) = 0 for all j  1. Therefore S ⊂ PH0(S, L) is 4-regular. Then the assertion comes from
Theorem 1.2.
(2) Recall that L.L = 4 if and only if (S, L) deﬁnes a quartic hypersurface in P3. Since S ⊂ P3 is
4-regular, we know that (S, L2) satisﬁes property N1 by Theorem 1.2. Let l ⊂ P3 be a line which meets
S with distinct 4 points. Then the image of l by the 2-uple embedding of P3 gives a 4-secant 2-plane
to S ⊂ PH0(S, L2). Therefore (S, L2) fails to satisfy property N2.
(3) Recall that L.L = 6 if and only if (S, L) deﬁnes the complete intersection of a quadric equation F
and a cubic equation G in P4. Let X ⊂ P4 be the cubic hypersurface deﬁned by G . Then S ⊂ PH0(S, L2)
is a hyperplane section of X ⊂ PH0(X,OX (2)). Also (X,OX (2)) satisﬁes property N2 by Theorem 1.2.
This completes the proof that (S, L2) satisﬁes property N2 since X ⊂ PH0(X,OX (2)) is arithmetically
Cohen–Macaulay. 
4.4. Let X ⊂ Pr be a hypersurface of degree d 4. Clearly X satisﬁes k-normality for all k 1 and
reg(X) = d. Thus Theorem 1.2 says that (X,OX ()) satisﬁes
{
property N2−d+1 if d−12   d − 2, and
property N if  d − 1.
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Np for some p and thus allows us to test the optimality of our result.
Corollary 4.6. Let X ⊂ Pr be a hypersurface of degree d 4. Then
(a) For  d − 3, (X,OX ()) fails to satisfy property N .
(b) (X,OX (d − 2)) satisﬁes property Np if and only if p  d − 3.
(c) (X,OX (d − 1)) fails to satisfy property N2d−2 .
Proof. Let L ⊂ Pr be a line such that X ∩ L consists of distinct d points. Let P be the span of the
rational normal curve ν(L). Note that ν(L) is the intersection of ν(Pr) and P . Thus ν(X) ∩ P
has dimension 0 and length d. That is, ν(X) admits a d-secant -plane. So, Theorem 1.1 in [E-G-H-P]
shows that for   d − 2, (X,OX ()) fails to satisfy property N . This completes the proof of (a)
and (b).
To verify (c), consider a plane conic curve Q ⊂ Pr such that X ∩ Q consists of distinct 2d points.
Then νd−1(Q ) is a rational normal curve and spans a linear space P2d−2. Furthermore, it is the in-
tersection of νd−1(Pr) and P2d−2. Therefore ν2d−2(X) ∩ P2d−2 = ν2d−2(X) ∩ νd−1(Q ) has length 2d.
Since ν2d−2(X) admits a 2d-secant (2d − 2)-plane, it does not satisfy property N2d−2 by Theorem 1.1
in [E-G-H-P]. 
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